Vantage Math 100/V1C,V1F Exercises: Series 1

For the following questions, if the answer is true prove it, if the answer is false give
a counter example. I encourage you all to atleast attempt them on your own first before
looking at the solutions.

Definition. Given a natural number n we define n factorial or n! as,

ol'=1,
nl=1-2.3.---(n—1)-n

1. Determine if the following series converge or diverge.
Z 2n TL2
=V 5n + 2n5
n!l+1
b -
(b) Z (n+1)!

_ 2n)!
(c) ; En!;
(@ Z sin (273210?510g n)

n>2015

2. True and false:
(a) If a, > 0 and )" a, converges then > a2 converges.
(b) If a, > 0 and Y, a? converges then y_ a, converges.

3. Prove that if |r| < 1 then

o0
E ar =
n=~k

4. Write 2.1562(= 2.156262626262 . .. ) as a fraction.



Solution.

1. (a) When n is large we have

So let b, and note that,

\/>7

n—oo \/Bn + 208

2713/2\/7127%—3#

n—o0 \/m n51/2
9Vn2+3

We also have that ) b, diverges by the p-test (p = %) So by limit comparison
test we have ) a, diverges.

(b) Note that
n!+1 n! 1
ay = > = )
n+1)! = (n+1)! n+1
Since Zn —7 diverges by the p-test (p = 1), we have by the comparison test

>, an diverges.

(c) Let us first write out EQT))Q in a neater way.

(Zn)!_1-2---(n—1)-n-(n+1)---(2n—2)-(2n—1)-(2n)

(nh2 1-2---(n—=1)-n-1-2---(n—1)-n
_1 2 n—1 n n—|—1 n—|—2 2n—1 2n
12 n-1n 1 2 n-1 n
- n+1 n+2 2n—1 2n
1 2 n—1 n
>1-1---1-1
=1



In particular we have,
2n)!
lim (2n)
n—oo (n!)2

Ef:,l)); diverges.

£ 0.

So by the divergence test, >
(d) We have that,

sin?(20151og n) o1
n2015 - n2015'

Since ) ﬁ converges by p-test (p = 2015), we have that our series converges
by the comparison test.

2. (a) TRUE
Since Zn a, converges we have that lim,,_,. a, = 0. So in particular we have that
eventually |a,| < 1, ie, there is an N large enough such that when n > N then
la,| < 1. Since 22 < z when |z| < 1, we have when n > N,

ai < ay]-

So by comparison test, > a? converges.

(b) FALSE
Let a, = +. We have that > a2 = Y, -5 converges by p-test (p = 2) but
> an =, + diverges by p-test (p = 1).

3. Let us begin by rewriting the series,
Z ar™ = ar® 4+ ar®tt 4 arft? 4.
n=k
=ar*(1+7r4+7r%.)
1
k
art T

The last line we used the fact that (1+7+72+---) is a geometric series and converges
to - when |r| < 1.

4. We can rewrite 2.1562 as follows,

2.1562 = 2.15626262. . .

= 2.15 4 0.0062 + 0.000062 +- - - -
215 62 62

:&4_%(1 L_}_L_F)
100~ 10* 102 10

215 62 o~ 1

_'166_%161n:0100n
215 62 1

=100 100001 — L




The last line is true since the series was geometric with ratio 1/100 < 1. After simpli-
fying the fraction we have,

— 21347
2.1562 = ——.
50 9900



